INFINITE-PERIOD ECONOMY
(CONTINUED)

MARCH 2, 2009

Introduction

BAsics

a Timeline of events

a Notation

Q C;: consumption in period t
Qa P;: nominal price of consumption in period t
Qa Y, nominal income in period t (“falls from the sky”)
Qa a,,: real wealth (stock) holdings at beginning of period t/end of period t-1
The “dcf.llmmng{u S;: nominal price of a unit of stock in period t
fsctggims of [m] D,: nominal dividend paid in period t by each unit of stock held at the start of t
Q My,q: net inflation rate between period t and period t+1
. F’M—R[_g_lj
1 T =) - =)
t t
Q Ve real income in period t ( = Y/P,)
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Introduction

BAsics

a Timeline of events

a Notation

Q [ consumption in period t+1

Q Py . nominal price of consumption in period t+1

Q Yeia: nominal income in period t+1 (“falls from the sky”)

Q a,: real wealth (stock) holdings at beginning of period t+1/end of period t
I;;i;‘f':s‘i”u'?“’g{u Siia: nominal price of a unit of stock in period t+1
stock Q D,.,: nominal dividend paid in period t by each unit of stock held at the start of

t+1
u] My, ot net inflation rate between period t+1 and period t+2
%ﬁi%@&%Lq
t+1 t+1
a Vera: real income in period t+1 (= Yy, /Py,

ai.q Economic events during
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Introduction

BAsics

a Timeline of events

a Notation
Q And so on for period t+2, t+3, etc...
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Model Structure

BUDGET CONSTRAINT(S)

a Suppose again Y "falls from the sky”
a Y. in period t, Y., in period t+1, Y, , in period t+2, etc.

a Need infinite budget constraints to describe economic
opportunities and possibilities
Q  One for each period ﬁg‘r’l'ggst ?;’?.23@ ?Iurir;g period t (a
- - ow,
a Period-t budget constraint A i

Dividend income

Re +Sa =Y, +Sa_,+Da, can rewrite as Re +S, (a( - a‘l—l) =Y. +Da.,

Total expenditure in period t: Total income in period t: period-t Y Savi duri ividend i
period-t consumption + wealth + income from stock-holdings av_mgs uring [[;‘rlw_ en |r_1cgme
to carry into period t+1 carried into period t (has value S, period t+1 (a uring period t+1

and pays dividend D,) flow) (a flow)

Q  Period t+1 budget constraint — )

RiaCia +Susdus =Y +Su@a +Dpd, <« R +S,(@,—-a) =Y, +D,a
AN J AN J can rewrite as

Total expenditure in period +1: Total income in period t+1: period-

period-t+1 consumption + t+1 Y + income from stock-
wealth to carry into period t+2 holdings carried into period t+1 And identical-looking budget
‘(Jhas)"a'“e St and pays dividend | constraints for t+2, t+3, t+4, etc...
te1
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Infinite-Period Model: Sequential Formulation

LAGRANGE ANALYSIS: SEQUENTIAL APPROACH

a Sequential formulation highlights the role of stock holdings (a;)
between period t and period t+1

a Accords better with the explicit timing of economic events than the
lifetime approach...

a ...but yields the same result

a Advantage: allows us to think about interaction between asset prices
and macroeconomic events (intersection of finance theory and macro
theory)

a Apply Lagrange tools to consumption-savings optimization

a Objective function: v(¢;, €1, Cpin s --.)

a Constraints:

Period-t budget constraint: Y +Sa_,+Da_ -PRc-Sa =0
Period-t+1 budget constraint: Y., +S,,a +D.a -P,C,, -S4, =0
Period-t+2 budget constraint: Y,,,+S5,8.;+D,,a.,—P,,6., —S.,8., =0
etc...

INFINITE
constraints

oooo

a Sequential Lagrange formulation requires infinite multipliers
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Infinite-Period Model: Sequential Formulation

LAGRANGE ANALYSIS: SEQUENTIAL APPROACH

a Step 1: Construct Lagrange function (starting from t)

X 2 3 . I - .
IIDI\I/ISI:(’:gSItAg'(F:tor 5 U(C‘) + ﬁu (Cl+1) + ﬁ u(cl+2) + 'B u(c!+3) @ First the lifetime utility function....
;E;’Lljtr'gl:iis”% +j1 [Y[ =+ (SI —+ Dl)a(—l — P!(:l — Slat] ...then the period t constraint...

future budget

constraints +ﬂ/11+1 [Y(+1 + (Sm + D1+1)at - Pl+lct+1 - Smam

Everything (utility 2
and income) about +ﬂ ﬂnz [Y1+2 + (Snz + Duz)am - Pt+zct+2 - Suzan

the future is

3
discounted + /”1+3 [YH3 + (Sus + Dt+3)at+2 - Puscus - SI+3at+3]
-0@ Infinite number of terms

a Step 2: Compute FOCs with respect to ¢;, a;, Ciyq, @41, Craos -

...then the period t+1 constraint...

] ...then the period t+2 constraint...

...then the period £+3 constraint...

with respect to ¢;:

with respect to a,:

with respect to €, 4:
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Infinite-Period Model: Sequential Formulation

LAGRANGE ANALYSIS: SEQUENTIAL APPROACH

a Step 1: Construct Lagrange function (starting from t)

2 3 i ili i
IIDI\i/ISi(SSItAfNa'(I;wr 5 U(C‘) + ﬂu (Cnl) + ﬂ u(CHZ) + ﬂ u(cna) @ First the lifetime utility function....
;Eﬂntrlepllzetish?yo_t:ﬁi +;{t [Y‘ + (St + Dt)a‘l—l - RC[ - 5131] ...then the period t constraint...

future budget

constraints +ﬁﬂt+1 [Ym + (Sm + Dl+1)a( - Pmcm - St+1at+1

Everything (utility 2
and income) about +ﬁ /11+2 [YHZ + (St+2 + Dt+2)a(+1 - Pt+20t+2 - Sl+2at+

the future is

A 3
discounted B Ahs [Yt+3 +(Sis+ Dusdan, = RusCus — Sl+3a(+3]
-I@ Infinite number of terms

...then the period t+1 constraint...

...then the period t+2 constraint...

...then the period t+3 constraint...

a Step 2: Compute FOCs with respect to ¢, a;, €1, @141+ Cra2s ---

with respect to c;: u'(c)-A4R =0 Equation 1
Identical
teiﬁeep‘ for with respect to a,: -AS, + P4.4(S.+D,y) =0 Equation 2 — the basis for asset
. pricing theories
subscripts
with respect to €, : /ﬂé(cul) -p4.,P.,.=0 Equation 3
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Finance Fundamentals

THE BASICS OF ASSET PRICING

u l(C‘) - /‘LIP! =0 Equation 1
—/115I + ﬁﬂM(SM + Dl+1) =0 Equation 2
u I(cldrl) - ﬂhlpwl = 0 Equation 3
; _[ Bha
a Equation 2 > S, = A (S..; +Dy,y) ‘ BASIC ASSET-PRICING EQUATION
Period-t stock _ Pricing Future
price kernel return

Two components:
1. Future price of stock
2. Future dividend payment
a Much of finance theory concerned with pricing kernel
a Theoretical properties
a Empirical models of kernels

a Pricing kernel where macro theory and finance theory intersect
a Solve equations 1 and 3 for A,and A,
a Insert in asset-pricing equation
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Macro-Finance Connections

MACROECONOMIC EVENTS AFFECT ASSET PRICES

s, = [—ﬁ . '(c‘*l’j(sm " D.ﬂ)[i]
u '(Ct) Pl+1

a Consumption across time (c¢; and ¢;, ) affects stock prices
a Fluctuations over time in aggregate consumption impact S,
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MACROECONOMIC EVENTS AFFECT ASSET PRICES

S, = [Mj (SHl + D1+1)[£]
u I(Ct) Pt+1

Using definition of inflation: 1+, , =P, , / P,

{25 o)
u'c,) 1+ 7,

a Consumption across time (c; and ¢;,,) affects stock prices
a Fluctuations over time in aggregate consumption impact S,

a Inflation affects stock prices
a Fluctuations over time in inflation impact S,
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MACROECONOMIC EVENTS AFFECT ASSET PRICES

s, = [—ﬁ . '(c‘*l’](sm " D.ﬂ)[i]
u '(Ct) Pl+1

Using definition of inflation: 1+n,., =P, , / P,

S = [ﬁu I(CM)J(Stﬂ + Dl+l)[ : J
u'(c,) 1+ 7,

a Consumption across time (c¢; and ¢;, ) affects stock prices
a Fluctuations over time in aggregate consumption impact S,

a Inflation affects stock prices
a Fluctuations over time in inflation impact S,

a Wall Street Journal page Al, Feb. 21, 2008:
“Stocks [prices] fell on the [higher-than-expected] inflation reading.”

Interpretation: Increase in i, (which typically would also be associated with increase in
) led to fall in S,
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Macro-Finance Connections

MACROECONOMIC EVENTS AFFECT ASSET PRICES

s (A€ s L p R
t 0 ( t+1 + I+1)
u (Ct) Pt+1
Using definition of inflation: 1+m.., =P, , / P,

{25 o)
u'c,) 1+ 7,

a Consumption across time (c; and ¢;,,) affects stock prices
a Fluctuations over time in aggregate consumption impact S,

a Inflation affects stock prices
a Fluctuations over time in inflation impact S,

a Wall Street Journal page Al, Oct. 3, 2008:
“Stock prices fell on fears of short-run weakness in the economy.”

Interpretation: A decrease in ¢, (induced by the “credit crunch”) makes stocks right now
(i.e., in period t) a less attractive asset — demand for it falls, hence its price (S,) falls.
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Macro-Finance Connections

MACROECONOMIC EVENTS AFFECT ASSET PRICES

Combining equations 1, 2, and 3 R St _ ﬁu'(cwl) (SHl N DHI) i
u'(c) R

t+1

Using definition of inflation: 1+n,., =P, , / P,

S = pu'(c,.,) (Ses+D.) 1 VIEW AS A CONSUMPTION-SAVINGS
' u'(c,) w1 147, ) OPTIMALITY CONDITION

a Consumption across time (c¢; and ¢;, ) affects stock prices
a Fluctuations over time in aggregate consumption impact S,

a Inflation affects stock prices
a Fluctuations over time in inflation impact S,

a ANY factor (monetary policy, fiscal policy, globalization, etc.) that
affects inflation and GDP in principle impacts stock/asset markets

a Direction of causality?...
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Consumption-Savings View

CONSUMER OPTIMIZATION

S = [ﬂu V(CM)](SM + Dl+1)( ! J

u'(c,) I+ 7,

Move u’(c,) and Bu’(c,, ;) terms to left-hand-side,
and S, to right-hand-side

u'c) _(Su.+Dy 1
ﬁu '(C|+l) N Sl l+ 72-“»1
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Consumption-Savings View

CONSUMER OPTIMIZATION

S = [MJ (Suat+ D) (L]

u'e) T+ 7,

Move u’(c,) and Bu’(c,,,) terms to left-hand-side,
and S, to right-hand-side

u'c) _(Swu+Du ) 1
puc,) | S L7,
\_Y_/ %/—/

MRS between period t Some sort of price ratio...
consumption and

—* period t+1
consumption

i.e., ratio of
marginal
utilities
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Consumption-Savings View

CONSUMER OPTIMIZATION

S = [ﬂu V(CM)](SM + Dl+1)( ! J

u'(c,) I+ 7,

Move u’(c,) and Bu’(c,, ;) terms to left-hand-side,
and S, to right-hand-side

u'e) :(Sx+1+D\+lj[ 1 ] CONSUMPTION-SAVINGS
pu'c,,) S, 1+ 7, OPTIMALITY CONDITION

%(_/%/—/

i.e. ratio of MRS between period t | Analogy with Chapters 3 & 4: | «— Recall real interest
T consumption and must be (1+ry) rate is a price
marginal ____, N
o period t+1
utilities N
consumption
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Consumption-Savings View

CONSUMER OPTIMIZATION

S = [MJ (Suat+ D) (L]

u'e) T+ 7,

and S, to right-hand-side

u'(c,) _[St+1+Dl+1]( 1 j CONSUMPTION-SAVINGS

l Move u’(c,) and Bu’(c,,,) terms to left-hand-side,

" - OPTIMALITY CONDITION
pu (C|+1) St 1+ T
B N MRS between period t | Analogy with Chapters 3 & 4: | ¢« Recall real interest
i.e., ratio of : . N
marginal consumption and must be (1+ry) rate is a price

> period t+1

utilities "
consumption

a Recover Chapter 3 & 4 model by settingt=1and =1
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Consumption-Savings View

CONSUMER OPTIMIZATION

S, = [M] (Si+ D) (LJ
u'tc) 147,

Move u’(c,) and Bu’(c,, ;) terms to left-hand-side,
and S, to right-hand-side

U'(C|) _(S&+1+Dl+1j[ 1 j CONSUMPTION-SAVINGS

pu'c,,) S, 1+ 7, OPTIMALITY CONDITION
—

MRS between period t
consumption and
period t+1
consumption

i.e., ratio of

marginal ____,
utilities

Analogy with Chapters 3 & 4:

<+—— Recall real interest
must be (1+ry)

rate is a price

a Recover Chapter 3 & 4 framework by settingt=1and =1

a Infinite-period framework is sequence of overlapping two-period
frameworks
[ optimal choice between c3 optimal choice between €, optimal choice between
p1and p2 p2 and p3 p3 and p4
/ / etc.
slope = -(1+r,) slope = -(1+r,)—+—» slope = -(1+ry)—+—»
_
Co Cs
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A LONG-RUN THEORY OF MACRO
a

Consumption-savings optimality condition at the heart of modern
macro frameworks

a Emphasizes the dynamic nature of aggregate economic events

a Foundation for understanding the periodic ups and downs (“business
cycles™) of the economy

a (Chapter 13: business cycle theory)
u'e) _

puc,,)
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A LONG-RUN THEORY OF MACRO

a Consumption-savings optimality condition at the heart of modern
macro frameworks
a Emphasizes the dynamic nature of aggregate economic events
Qa Foundation for understanding the periodic ups and downs (“business
cycles™) of the economy
Qa (Chapter 13: business cycle theory)
u'(c
© .,
ﬁU (CHI)
NEXT: Impose “steady state”
and examine long-run
relationship between interest
rates and consumer impatience
1
E =1+r
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