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a Extend our infinite-period framework
Qa Introduce money and bonds into the Chapter 8 framework

Q So now three types of assets (stocks, bonds, money) for representative
consumer to use for savings purposes

a Will allow us to think further about what the “pricing kernel” is

a Will allow us to think about connection between bond prices and
stock prices

a Will allow us to think about issue of monetary neutrality (the main
issue in the RBC vs. New Keynesian debate)
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consequences for real (i.e., consumption and real GDP) variables?
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Introduction

BAsics

a Extend our infinite-period framework
a Introduce money and bonds into the Chapter 8 framework

a So now three types of assets (stocks, bonds, money) for representative
consumer to use for savings purposes

a Will allow us to think further about what the “pricing kernel” is

a Will allow us to think about connection between bond prices and
stock prices

a Will allow us to think about issue of monetary neutrality (the main
issue in the RBC vs. New Keynesian debate)

Qa i.e., does money (and thus monetary policy) have important
consequences for real (i.e., consumption and real GDP) variables?

a Index time periods by arbitrary indexes t, t+1, t+2, etc.

a Important: all of our analysis will be conducted from the perspective
of the very beginning of period t...

a Sequential Lagrangian analysis (with money in the utility function)
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Introduction

BAsics

a

Timeline of events

a Notation
Q [ consumption in period t
Q P, nominal price of consumption in period t
Q Y, nominal income in period t (“falls from the sky)
Q a,.q: real stock holdings at beginning of period t/end of period t-1
aiq Economic events during
- Ld T
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Timeline of events

a Notation
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Introduction

BAsics

a Timeline of events

a Notation

Q [ consumption in period t
Q P, nominal price of consumption in period t
Q Y, nominal income in period t (“falls from the sky)
Now three types(" a,,:  real stock holdings at beginning of period t/end of period t-1
E‘;‘;ﬁg‘:‘;ifﬁq’; Q M, | nominal money holdings at beginning of period t/end of period t-1
purposes Q B, ,: nominal bond holdings at beginning of period t/end of period t-1
Q S, nominal price of a unit of stock in period t
Q D,: nominal dividend paid in period t by each unit of stock held at the start of t
Q PP, nominal price of a bond in period t
Qa iy nominal interest rate on a bond purchased in t and which pays off in t+1
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Introduction

BAsics

a Timeline of events

a Notation

Q C;: consumption in period t
Qa P;: nominal price of consumption in period t
Qa Y, nominal income in period t (“falls from the sky”)
:foa"\vsé'c’f:e types( ap.: real stock holdings at beginning of period t/end of period t-1
3‘;‘;5;;':155'%"5 Qa M, | nominal money holdings at beginning of period t/end of period t-1
purposes Q B, ,: nominal bond holdings at beginning of period t/end of period t-1
Q S;: nominal price of a unit of stock in period t
Q D,: nominal dividend paid in period t by each unit of stock held at the start of £
Q P?,: nominal price of a bond in period t
Q iy nominal interest rate on a bond purchased in t and which pays off in t+1
Q My, q net inflation rate between period t and period t+1
Q Ve real income in period t ( = Y/P,)
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Introduction

BAsics

a Timeline of events

a Notation

Q [ consumption in period t+1
Q Py . nominal price of consumption in period t+1
Q Yeia: nominal income in period t+1 (“falls from the sky”)
Now three types(" a, real stock holdings at beginning of period t+1/end of period t
E‘;‘;ﬁg‘:‘;ifﬁq’; Q M,: nominal money holdings at beginning of period t+1/end of period t
purposes Q B,: nominal bond holdings at beginning of period t+1/end of period t
u] Spiat nominal price of a unit of stock in period t+1
u] D,.,: nominal dividend paid in t+1 by each unit of stock held at the start of t+1
u] PP,..,: nominal price of a bond in period t+1
Qa [ nominal interest rate on a bond purchased in t+1 and which pays off in t+2
] Mo net inflation rate between period t+1 and period t+2
] Vera: real income in period t ( = Y,1/P,.,) a
1.1
April 13, 2009 B ; ;
pritLs, M Economic evefts durin
1 period t: income,
consumption, savings
P TP
Introduction
a Timeline of events
a Notation
Q And so on for period t+2, t+3, etc...
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Model Structure

BUDGET CONSTRAINT(S)

a Extend budget constraints from Chapter 8 stock-pricing framework
to now include the three distinct types of assets: stocks, money,
and bonds

a Need infinite budget constraints to describe economic
opportunities and possibilities
a One for each period
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Model Structure

BUDGET CONSTRAINT(S)

a Extend budget constraints from Chapter 8 stock-pricing framework
to now include the three distinct types of assets: stocks, money,
and bonds

a Need infinite budget constraints to describe economic
opportunities and possibilities
Qa One for each period
Qa In period t

Re, + Pthx +M +Sa =Y, +M_ +B+Sa_+Da,

Total outlays in period t: period-t consumption + Total income in period t: period-t Y + income from stock-
stocks to carry into period t+1 + money to carry into holdings carried into period t (has value S, and pays dividend
period t+1 + bond purchases D,) + money-holdings carried into period t + bond-holdings

carried into period t (each unit repays FV = 1)
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Model Structure

BUDGET CONSTRAINT(S)

a Extend budget constraints from Chapter 8 stock-pricing framework
to now include the three distinct types of assets: stocks, money,
and bonds

a Need infinite budget constraints to describe economic
opportunities and possibilities
a One for each period
a In period t

Re, + Ptht +M +Sa =Y, +M_ +B_ +Sa_+Da_

Total outlays in period t: period-t consumption + Total income in period t: period-t Y + income from stock-
stocks to carry into period t+1 + money to carry into holdings carried into period t (has value S, and pays dividend
period t+1 + bond purchases D,) + money-holdings carried into period t + bond-holdings

carried into period t (each unit repays FV = 1)

Qa In period t+1
b
RiCus + RUBL + My + S48 =Y + M + B + 5,8 + Dy

Total outlays in period t+1: period-t+1 consumption Total income in period t+1: period-t+1 Y + income from stock-
+ stocks to carry into period t+2 + money to carry holdings carried into period t+1 (has value S,,, and pays
into period t+2 + bond purchases dividend D,,,) + money-holdings carried into period t+1 +

bond-holdings carried into period t+1 (each unit repays FV = 1)
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Model Structure

BUDGET CONSTRAINT(S)

a Extend budget constraints from Chapter 8 stock-pricing framework
to now include the three distinct types of assets: stocks, money,
and bonds

a Need infinite budget constraints to describe economic
opportunities and possibilities
Qa One for each period
Qa In period t

Re, + Pthx +M +Sa =Y, +M_ +B+Sa_+Da,

Total outlays in period t: period-t consumption + Total income in period t: period-t Y + income from stock-
stocks to carry into period t+1 + money to carry into holdings carried into period t (has value S, and pays dividend
period t+1 + bond purchases D,) + money-holdings carried into period t + bond-holdings

carried into period t (each unit repays FV = 1)

a In period t+1

b
P!+1Ct+1 + Pl+18!-1 + M!+1 + St+1a‘[+1 _Y!+1 + Mt + Bt + St+1a( + Dt+1at
Total outlays in period t+1: period-t+1 consumption Total income in period t+1: period-t+1 Y + income from stock-
+ stocks to carry into period t+2 + money to carry holdings carried into period t+1 (has value S,,, and pays
into period t+2 + bond purchases dividend D,,,) + money-holdings carried into period t+1 +

bond-holdings carried into period t+1 (each unit repays FV = 1)

a And identical-looking budget constraints in period t+2, t+3, t+4, etc.
April 13, 2009 14




Infinite-Period Model: Sequential Formulation

LAGRANGE ANALYSIS: SEQUENTIAL APPROACH

a Step 1: Construct Lagrange function (starting from t)
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LAGRANGE ANALYSIS: SEQUENTIAL APPROACH

a Step 1: Construct Lagrange function (starting from t)

U(C‘, M! / P[) + ﬂU(CHl, MIJrl / P1+1) +ﬂ2U(CH2, Mt+2 / Pt+2) +... First the lifetime utility function....(no
different than Chapter 8)
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Infinite-Period Model: Sequential Formulation

LAGRANGE ANALYSIS: SEQUENTIAL APPROACH

a Step 1: Construct Lagrange function (starting from t)

U(CI, M‘ / Pt) + ﬂU(CHl, M1+1 / Pt+1) +ﬁ2U(CH2, M1+2 / PHZ) +... First the lifetime utility function....(no
different than Chapter 8)
+ﬂ‘ I:Yl + (S‘ + Dt)aF1 + '\/lF1 + BF1 - Ptct - Sla‘ - Mt - Pth‘:I ...then the period t constraint...
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Infinite-Period Model: Sequential Formulation

LAGRANGE ANALYSIS: SEQUENTIAL APPROACH

a Step 1: Construct Lagrange function (starting from t)

U(Cl, Mt / R) +ﬁU(CH1, Mt+1/ Pt+1) +ﬂ2U(CH2, M[Jrz / P1+2) +... First the lifetime utility function....(no
different than Chapter 8)
+4[ Y, +(S;+D)a, + M, + B, —Pc,-Sa -M,~R"B,| _then the period £ constraint...

+ﬂ21+1 I:Y“l + (Snl + DM)a[ + I\/lt + Bt - P1+1Ct+1 - St+1at+1 - M1+l — F{’ilBHl] ...then the period t+1 constraint...
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Infinite-Period Model: Sequential Formulation

LAGRANGE ANALYSIS: SEQUENTIAL APPROACH

a Step 1: Construct Lagrange function (starting from t)

U(Cl, Mt / Pt) + ﬂu(CHl’ Mt+1 / Pt+1) +ﬂ2U(CH2, MHz / Pt+2) +... First the lifetime utility function....(no
different than Chapter 8)
+ﬂt I:Yl + (St + Dt)aH + Mt—l + Bl—l = Ptct - Sla( - Ml - Rb B‘:I ...then the period t constraint...

t+l t+1

b :
+Bha I:Ym +(Ses+D)a +M +B R ¢ —Sa, —M, - R Bm:l ~then the period £+1 constraint...
2 b ;
+B Aa [Yuz +(Si2 + D) + My + By =R, = Sid, — M, - R, BI+2:| ~-then the period t+2

constraint...

April 13, 2009 19

Infinite-Period Model: Sequential Formulation

LAGRANGE ANALYSIS: SEQUENTIAL APPROACH

a Step 1: Construct Lagrange function (starting from t)

U(CI, M‘ / P[) +ﬂU(CH1, MI+1 / Pl+1) +ﬂ2U(CH2, MHZ / P!+2) +... First the lifetime utility function....(no
different than Chapter 8)
+4[ Y, +(S;+D)a +M_ + B, —Pg -Sa M, -P’B ] _then the period £ constraint...

+PAhn [Ym +(S1+ D) + M+ B —R,C,s = Siid, — My, - PlilBHl] -.then the periad £+1. constraint...
2 b
+IB //iHZ I:YHZ + (SHZ + D1+2)a‘l+1 + MHl + B1+1 - PHZCHZ - St+2a‘l+2 - MHZ - PHZ BHZ:I ~then the period t+2

constraint...

3 — _ — _pb ...then th iod t
+B s I:Yns +(Sua+Dysday, + My, + By = RigCis —Suads — My, PI+SBt+3:| then the period £+3

constraint...

+...
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Infinite-Period Model: Sequential Formulation

LAGRANGE ANALYSIS: SEQUENTIAL APPROACH

a Step 1: Construct Lagrange function (starting from t)
U(Ct, Mt / R) + ﬂu(CM, Mt+1 / R+1) + ﬁZU(CHZ, MHZ / Pt+2) @ First the lifetime utility function....(no
different than Chapter 8)
Jrﬁ.l I:Yt + (S.l + D‘)aH + Mt—l + Bl—l - P‘C‘ - Sla‘ - Mt - P‘bB‘jI ...then the period t constraint...
+BAa [Ym +(S+D)a + M+ B - R i€y = Sppdy — My -
+ﬂ2ﬂ1+2 I:Yuz + (Suz + Dl+2)a(+1 + M1+1 + Bl+1 - PI+2c!+2 - SI+2al+2 T W2 T Pth BI+2:| ;J:;?;ﬂi?ermd 2
+ﬂ321+3 |:Y1+3 + (St+3 + D1+3)al+2 + MHZ + BI+2 - PI+3CI+3 - SI+3aI+3 - M1+

@ Infinite number of terms

:I ...then the period t+1 constraint...

b
_pP°.B ] ...then the period t+3
#3743 | constraint...
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Infinite-Period Model: Sequential Formulation

LAGRANGE ANALYSIS: SEQUENTIAL APPROACH

a Step 1: Construct Lagrange function (starting from t)
u(c, M /R)+pu(c,, .M, /P..)+ fu(c.,, M.,/ P.,) o) First the lifetime utility function....(no
b different than Chapter 8)
+}‘1 |:Y1 + (Sl + Dt)at—l + Mt—1+ Bt—l - PlCI _Slat - Ml - Pl B!:I
+ﬂﬂ”1 [Ym + (St+1 + Dt+1)al + M1 + BI - Pt+1cx+1 - S(+1a(+1 - Mt+1 -
ks I:Ynz +(Sy2 + D2)an + My + By = RipCiz = Sdi, —
+ﬂsﬁ1+3 I:Yns + (St+3 + D1+3)a1+2 +M,+B, —RCs - St+3al+3 -M

@ Infinite number of terms

...then the period t constraint...

b
—P°.B :I ...then the period t+2
(+2 42762 | constraint...

b .
—P°.B :I ...then the period t+3
t+371+3 constraint...

a Step 2: Compute FOCs with respect to ¢, a;, B, M,, ...

with respect to ¢;:
with respect to a;:
with respect to B;:

with respect to M,:

April 13, 2009 22
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Infinite-Period Model: Sequential Formulation

LAGRANGE ANALYSIS: SEQUENTIAL APPROACH

a Step 1: Construct Lagrange function (starting from t)
U(Ct, Mt / R) + ﬂu(CM, Mt+1 / R+1) + ﬁZU(CHZ, MHZ / Pt+2) @ First the lifetime utility function....(no
different than Chapter 8)
Jrﬁ.l I:Yt + (S.l + D‘)aH + Mt—l + Bl—l - P‘C‘ - Sla‘ - Mt - P‘bB‘jI ...then the period t constraint...
+BAa [Ym +(S+D)a + M+ B - R i€y = Sppdy — My -
+ﬂ2ﬂ1+2 I:Yuz + (Suz + Dl+2)a(+1 + M1+1 + Bl+1 - PI+2c!+2 - SI+2al+2 -
+ﬂ321+3 |:Y1+3 + (St+3 + D1+3)al+2 + MHZ + BI+2 - PI+3CI+3 - SI+3aI+3 - M1+

@ Infinite number of terms

:I ...then the period t+1 constraint...

b ;
—P°. B, :| ...then the period t+2
+2 272 constraint...

b
_pP°.B ] ...then the period t+3
#3743 | constraint...

a Step 2: Compute FOCs with respect to ¢, a;, B;, M;, ...

with respect to ¢;: u(c,M,/R)-AR =0 Equation 1
with respect to a;: 7/?15t + ﬂﬂul(sm + D‘ﬂ) =0 Equation 2
. b
with respect to B;: —ﬂ.tpl +ﬂ/1prl =0 Equation 3
u,(c,,M, /PR,
with respect to M,: M —/1‘ + ﬂﬂhl =0 Equation 4 (need chain rule of calculus
R to derive this)
April 13, 2009 23

Finance Fundamentals

ASSET PRICING REVISITED

Ul(C!,M[/PI)—ﬂIP‘ =0 Equation 1
_/1151 + ﬂ/iul(sul + D1+1) =0 Equation 2
_At Ptb + ﬂﬂtﬂ =0 Equation 3

M_,l‘ +pA,=0 Equationa

R
i s = Phils b
a Equation 2 > . = A (Se.i+ D) [ STOCK-PRICING EQUATION
Period-t stock _ Pricing = Future
price kernel return
April 13, 2009 24
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Finance Fundamentals

ASSET PRICING REVISITED

Ul(C‘,M‘/Pt)*AP[ =0 Equation 1
=4S+ PAa(S+ D) =0 Equation 2
711 Rh + /qu =0 Equation 3
W*ﬂt +ﬁ/1t+1 =0 Equation 4
t
a Equation 2 2> S = [ﬁj:l](s”l +D,,,) [ STOCK-PRICING EQUATION
Period-t stock _ Pricing Future
price kernel return

a Much of finance theory concerned with pricing kernel
a Theoretical properties
a Empirical models of kernels

a Pricing kernel where macro theory and finance theory intersect
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Finance Fundamentals

ASSET PRICING REVISITED

Ul(C!,M[/PI)—ﬂIP‘ =0 Equation 1
_/1151 + ﬂ/iul(sul + D1+1) =0 Equation 2
_ﬂ‘[ P[h +ﬂﬂt+1 =0 Equation 3
M—ﬂ‘ +ﬁﬂt+1 =0 Equation 4
R
0 Eauat _( P
quation 2 2> S = A (Se.i+ D) [ STOCK-PRICING EQUATION
Period-t stock _ Pricing = Future
price ~ kernel return
Qa Equation 3 2> Pth :% BOND-PRICING EQUATION
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Finance Fundamentals

ASSET PRICING REVISITED

Ul(C‘,M‘/Pt)*AP[ =0 Equation 1
A4S+ /Mm(sm + Dm) =0 Equation 2
711 Rh +/M-H1 =0 Equation 3
M*ﬂt +ﬁ/1t+1 =0 Equation 4
R
: _[ Pha
a Equation 2 2> S = A (Se.; +Dy) [ STOCK-PRICING EQUATION
Period-t stock _ Pricing Future
price kernel return
a Equation 3 2> Ptb =% ‘ BOND-PRICING EQUATION
a Price of a bond is the pricing kernel

a Stock prices and bond prices are connected
a Most (all?) asset prices fundamentally connected to bond prices

Qa (Advanced finance course: pricing kernel reflects the price/return of
the least risky asset in the economy — U.S. Treasury bonds)
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Finance Fundamentals

ASSET PRICING REVISITED

Ul(C!,M[/PI)—ﬂIP‘ =0 Equation 1
_/1151 + ﬂ/iul(sul + D1+1) =0 Equation 2
_ﬂ‘[ P[h +ﬂﬂt+1 =0 Equation 3
M—ﬂ‘ +ﬁﬂt+1 =0 Equation 4
t
a Equation 2 > S = [ﬁz’l}(sm +D,,y) ‘ STOCK-PRICING EQUATION
Period-t stock _ Pricing = Future
price ~ kernel return
Qa Equation 3 2> Pth :% BOND-PRICING EQUATION
b 1
a Recall P’ =—-
1+i,
C Phy _ 1
a - can express pricing kernel as =
A 1+
April 13, 2009 28
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Macro Fundamentals

FISHER EQUATION

Ul(C‘,M‘/R)*ﬂ‘P[ =0 Equation 1
A4S + /Mm(sm + Dm) =0 Equation 2
711 Rh +/M-H1 =0 Equation 3
W*ﬂt +ﬁ/1t+1 =0 Equation 4
t
a Combining stock-pricing equation with bond-pricing equation =2
1+r = 1+ FISHER EQUATION
1+ﬂl+1
April 13, 2009 29

Macro Fundamentals

FISHER EQUATION

Ul(C!,M[/PI)—ﬂIP‘ =0 Equation 1
_/1181 + ﬂ/iul(sul + D1+1) =0 Equation 2
_A[ P[b +ﬂ/it+1 =0 Equation 3
M—A +ﬁ/’[1+1 =0 Equation 4
t
a Combining stock-pricing equation with bond-pricing equation >
1+ = 7l+ I‘ FISHER EQUATION
1+ 7

t+1
a Fisher equation a relationship between returns on nominal bonds and
returns on stock (finance theory: “no-arbitrage” condition)

a (See derivation in Chapter 14)

a Was a building block of two-period model

a Recall approximate form: r=i-n

April 13, 2009 30
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Money Demand

CONSUMPTION-MONEY OPTIMALITY CONDITION

Begin with equation 4: M*A = *ﬂjtq
t

Use BA,,, = AP*, from equation 2
Uy,(c, M. /R)
P

t

A =-AR

April 13, 2009 31

Money Demand

CONSUMPTION-MONEY OPTIMALITY CONDITION

Begin with equation 4: W—j\ :—ﬂﬂtq
t

Use BA,,, = A%, from equation 2

U (¢, M, /R)

B A= AR

Divide through by A,
uZ (c(’ M( / P[)

_1:_Rb
AR
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Money Demand

CONSUMPTION-MONEY OPTIMALITY CONDITION

u,(c,M, /P,
Begin with equation 4: %*A =—fh.,
t
Use BA,,, = AP?, from equation 2

(¢, M /R) b
A S Sl S v A S I =]
5 A =-4R
Divide through by A,
u,(c,M,/P
L@MIR) 4
AR
l Use AP, = u,, from equation 1
u,(c,,M, /R
z(( t ():1_Rh
ul(cl’M(/R)
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Money Demand

CONSUMPTION-MONEY OPTIMALITY CONDITION

Begin with equation 4: W—j\ *_ﬂﬂtq
t

Use BA,,, = A%, from equation 2

U (¢, M, /R) b
<411 L2 =-AR
b A=-AP
Divide through by A,
u,(c, M, /PR,
2(( t t)_l:_Rb
AR

l Use AP, = u,, from equation 1

Uy (c,M,/R) —1_p®
t

u(c, M /R)

Use Pb, = 1/(1+i,)

Y MR _
u(e, M /R) 1+
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Money Demand

CONSUMPTION-MONEY OPTIMALITY CONDITION

u,(c,M, /P,
Begin with equation 4: %7}1 = 7ﬂjt+1
t
Use BA,,, = AP?, from equation 2
(e, M, /R) .
RS A = AR,
t
Divide through by A,
u,(c, M, /R) 1= _p®
P t
l[ t
i Use AP, = u,, from equation 1
U (€M /R) 4 po
e Dl p
ul(cl’ M( / R)
i Use Pb, = 1/(1+i,)
CONSUMPTION-MONEY Y@M /R) "_
OPTIMALITY CONDITION u (¢, M, /R) 1+
MRS (between price ratio (between
consumption and real consumption and
money holdings) money)

April 13, 2009 35

Money Demand

MONEY DEMAND

a Consumption-money optimality condition the foundation of money
demand function
M, M,
a Example: suppose u(c[,?J:Inc‘-v-ln[?J
t

t
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Money Demand

MOoONEY DEMAND

a Consumption-money optimality condition the foundation of money
demand function

a Example: suppose U[c(,%jﬂncwln(%]

t t

C

M) 1 M 1 . .
a Thus, ul[c‘v?’J:f and Uz[cu?‘J:m (no chain rule this time...)

April 13, 2009 37

Money Demand

MONEY DEMAND

a Consumption-money optimality condition the foundation of money
demand function

a Example: suppose U(ct,%J:Inc‘Hn(%J
t

t

M 1 M1 ; is ti
a Thus, Ul[cu P[] Py and Uz[cu P ] M./P (no chain rule this time...)
a Consumption-money optimality condition (for this utility

function..)) is .
Re _ 4

M, 1+,

t
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Money Demand

MOoONEY DEMAND

a Consumption-money optimality condition the foundation of money
demand function
M, M,
a Example: suppose U[C(,?j=lnc|+ln(?J

t t

1 . .
= (no chain rule this time...)

M1 M,
a Thus, UI[C‘V?‘J—C and uz[cw P ij‘/R

t t

a Consumption-money optimality condition (for this utility
function...) is

L
M, 1+i
l Isolate the M,/P, term
Mt 1+ it REAL MONEY DEMAND FUNCTION: depends
—t=c¢- positively on ¢, and negatively on i, (i, is the
R t it opportunity cost of money)
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Money Demand

MONEY DEMAND

a Consumption-money optimality condition the foundation of money
demand function
M, M,
a Example: suppose u(ct,?J:Inc‘ﬂn[?J
t

t

M 1 M1 ; is ti
a Thus, Ul[cu P[] " and Uz[cu P ] M./P (no chain rule this time...)

a Consumption-money optimality condition (for this utility
function..)) is

Re _
M, 1+i
Isolate the M,/P, term
M 1+i REAL MONEY DEMAND EUNCTION: depends
—t_¢c .|t positively on ¢, and negatively on i, (i; is the
P t i opportunity cost of money)
t t

a Will use this money demand function to analyze
a The monetary neutrality debate

a The long-run (aka steady-state) connection between monetary policy
and inflation
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